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TATE TWISTS OF HODGE STRUCTURES ARISING 
FROM ABELIAN VARIETIES OF TYPE IV 

SALMAN ABDULALI 
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5-H , Abstract. We show that certain abelian varieties A have the property 

that for every Hodge structure V in the cohomology of A, every effec- 
tive Tate twist of V occurs in the cohomology of some abelian variety. 
We deduce the general Hodge conjecture for certain non-simple abelian 
varieties of type IV. 



1. Introduction 



A (rational) Hodge structure Vc = ©„ +(?=n V p ' q is said to be effective 
if yP'i = unless p, q > 0, and, it is said to be geometric (or motivic) 
if it is isomorphic to a Hodge substructure of H n (X,Q) for some smooth, 
projective variety X over C. For m £ Z, the Tate twist V(m) is the Hodge 
structure of weight n — 2m defined by V(m) p,q = yp+ m ^+ m . 

A geometric Hodge structure must be effective and polarizable, but not 
l/-j ■ conversely (Grothendieck pH p. 300, 2nd footnote]). It is well-known that 

any polarizable Hodge structure of weight 1 is the first cohomology of an 
abelian variety, and hence geometric. In [6] we have shown that any Hodge 



structure of CM-type is geometric. These are the only known criteria for an 
2^j \ abstract Hodge structure to be geometric |E1 p. 305]. 

The general Hodge conjecture as formulated by Grothendieck [9] implies 
that any effective Tate twist of a geometric Hodge structure is again geo- 
metric. In a series of papers [IHS] we have shown that, for certain abelian 
rS • varieties A, every effective Tate twist of a Hodge structure in the cohomol- 

ogy of A is isomorphic to a Hodge structure occurring in the cohomology 
of some abelian variety. Moreover, we have used this to prove the general 
Hodge conjecture for certain abelian varieties. We have also shown the ex- 
istence of a Hodge structure which occurs in the cohomology of an abelian 
variety, but which has an effective Tate twist that does not occur in the 
cohomology of any abelian variety (3J Theorem 5.5, p. 926]. 

Our earlier results apply to abelian varieties of type IV in only very special 
cases (see 52 for the definition of the type of an abelian variety) — namely 
when the Hodge group is semisimple [1], or when the abelian variety is of 
CM-type [6], or when the endomorphism algebra is an imaginary quadratic 
number field [5|. The main aim of this paper is to remove these restrictions 
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2 SALMAN ABDULALI 

on the endomorphism algebra; however, we still need a fairly strong restric- 
tion on the signature of the hermitian form determining the polarization; see 
Theorem [13] for the precise statement. As an application of these results we 
deduce the general Hodge conjecture for products of some abelian varieties 
of type IV (Theorem LT4"|) . 



Notations and conventions. All abelian varieties are over C Representations 
are always finite dimensional. For an abelian variety A, we let 

D(A) = End Q (A) := End(A) ® Q 

be its endomorphism algebra, L(A) its Lefschetz group, G(A) its Hodge 
group, and, G'(A) the derived group of G(A); see £j2]for more details. 

2. Hodge groups and Lefschetz groups 

Let A be an abelian variety over C, and let V = H l (A, Q). The Hodge 
group G(A) is defined in Mumford [11]. It is the reductive Q-algebraic 
subgroup of GL(V) characterized by the property that its invariants in 
H*(A n ,Q) are precisely the Hodge classes for any positive integer n. 

The Lefschetz group L(A) is defined in Murty [13, §3.6.2, p. 93]. It is 
the reductive Q-algebraic subgroup of GL(V) characterized by the property 
that for any positive integer n, its invariants in H*(A n ,Q) form the ring 
generated by divisor classes. Since any divisor class is a Hodge class, it 
follows that G(A) C L(A). Note that the "Lefschetz group" defined by 
Murty in [12] is the connected component of the identity in the group defined 
as the Lefschetz group in [13] . 

We say that A is of PEL-type if the semisimple parts of G(A) and L(A)° 
are equal. A simple abelian variety is of PEL-type if and only if it is a general 
member of a pel- family of abelian varieties (see [U §1 and §4.6]). 

Suppose A is a simple abelian variety. Let (5 be an alternating Riemann 
form for A. Let D = D{A) = End(.A) <g> Q be its endomorphism algebra. By 
Albert's classification, D is one of the following |17j : 

type I: a totally real number field F 

type II: a totally indefinite quaternion algebra over a totally real num- 
ber field F 

type III: a totally definite quaternion algebra over a totally real num- 
ber field F 

type IV: a division algebra over a CM-field E. In this case let F be 
the maximal totally real subfield of E. 

In each case there exists an involution x t-t x of D, and a unique F- 
bilinear form T: V x V — > D such that (3(x,y) = Tt d /qT(x,v.), T(ax,by) = 

aT(x, y)b, and, T(y, x) = —T(x, y) for all x, y G V, a, b G D [I8l Lemma 1.2, 
p. 162]. The Lefschetz group is then the restriction of scalars, from F to Q 
of the unitary group of T: 

(2.1) L(A) = Res F/Q U(T) = Res F/Q Aut D (V, T). 
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Let S be the set of embeddings of F into R. We can then write 
(2.2) L(A) R =\{L a and V R = V a , 

aeS aeS 

where L a acts trivially on V a > unless a = a' . L a and its action on V a are 
given as follows |12j : 

type I: L a = Sp(V a , f3 a ) is a symplectic group acting via its standard 

representation on V a . 
type II: L a is a symplectic group acting on V a as two copies of the 

standard representation. 
type III: L Qi c is an orthogonal group acting on V a< c as two copies of 

the standard representation. 
type IV: L a = U(p a ,q a ), and L Qj c — GL m (C) acts on V a< c as the 

direct sum of the standard representation and its contragredient. 

3. Dominating Varieties 

We say that a Hodge structure V is fully twisted if V is effective, but the 
Tate twist V(l) is not effective. Thus V c = Q) p+q=n V p ' q is fully twisted if 
and only if it is effective and V n '° ^ 0. 

We say that a smooth, projective algebraic variety A over C is dominated 
by a class A of smooth, projective complex algebraic varieties if, given any 
irreducible Hodge structure V in the cohomology of A, there exists a fully 
twisted Hodge structure V in the cohomology of some X £ A such that V 
is isomorphic to a Tate twist of V. 

Proposition 1 (Grothendieck [9, p. 301]). Let A be a smooth projective 
variety over C which is dominated by A. If the usual Hodge conjecture holds 
for A x B for each B € A, then the general Hodge conjecture holds for A. 

Reference to proof. See the proof of [T, Proposition 2.1, p. 343]. □ 

Let A be an abelian variety. Let k be a subfield of C Let A be a 
class of abelian varieties. We say that A is k- dominated by A if, given 
any irreducible G(A)fc-submodule, V, of H*(A,k), there exist B G A, and 
a G(B)fc-submodule V' of H n (B,k) for some n, such that V and V' are 
isomorphic as G(A x S)/ c -modules, and, V^ contains a nonzero (n, 0)-form. 
(Note that G(A x B) is a subgroup of G(A) x G(B), so it makes sense to 
consider V and V as G(A x i?)fc-modules.) In particular, A is dominated 
by A if and only if A is Q-dominated by „4. 

Lemma 2. // an abelian variety A is k-dominated by A for some subfield k 
of C, then, A is dominated by A. 

Proof. Let W be an irreducible Hodge structure in the cohomology of A. 
Then W is an irreducible G(^4)-module. Let Wo be an irreducible G(A)k- 
submodule of Wk- Then there exist B G A, and, a G(i?)fc-submodule Wq of 
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H n {B, k) such that Wq and Wq are isomorphic as G{A x 7?)fc-modules, and, 
Wq c contains a nonzero (n, 0)-form. 

Let G = G(A x 7?). Since Wq and Wq are isomorphic as G^-modules, 
homG' fe (W / fc, H n (B, k)) is nontrivial. Since G(Q) is Zariski-dense in G(k), we 
have 

hom Gk (W k ,H n (B,k)) = hom G (W,H n (B,Q))®k. 

Thus honiG^W 7 , 77 n (7>, Q)) contains a nonzero element ip such that (^(Wo) = 
Wq. Let W' be the image of (p. Then W' is fully twisted because Wq c C W^.. 
Since W is irreducible, cp must be a G-isomorphism from W to W'. This 
means that as Hodge structures, W and W' are isomorphic up to a Tate 
twist. □ 

Proposition 3. Let A and B be abelian varieties such that G(A x B) = 
G(A) x G(B). If A is C- dominated by A, and B is C-dominated by B, then, 
Ax B is C-dominated by A- B = {X x Y | X £ A, Y £B}. 

Proof. Let W C H n (A x B,C) be an irreducible G(A) C x G(£) c -module. 
Then jy is contained in a Kiinneth component H a (A, C)®H b (B, C) with a+ 
6 = n. So we can write W = U®V, where 17 C 7P(A, C) and V C i7 6 (£, C) 
are irreducible G(A)c and G(B)c modules, respectively. By assumption 
there exist abelian varieties X G A and Y G B, a G(X)c-submodule C/ 7 
of H m (X,C), and, a G(y) c -submodule V of 7f n (y,C), such that [/' and 
V contain nonzero (m, 0) and (n, 0) forms respectively, U' is G(A x X)q- 
isomorphic to U, and, V is G(7? x y)c-isomorphic to V. 

Let W = U' <g> V C H m+n (X xY,C). Since G(X x y) is a subgroup of 
G(X) x G(Y), we see that W' is a G(X x y) c -submodule of H m+n (X xY,C). 
Clearly, it contains a nonzero (m + n, 0)-form. Since G(^4 x B x X x Y) is a 
subgroup of G(A x X) x G(7> x7), J7 is isomorphic to U' as a G(^4 x X)c- 
module, and, V is isomorphic to V' as a G(7> x y)c-module, we see that W 
is isomorphic to W' as a G(A x 7> x X x y)c-module. D 

Proposition 4. Let ^4 and 73 be abelian varieties such that G(A x B) = 
G(A) x G(B). If A is C-dominated by A, and B is dominated by B, then, 
Ax B is dominated by A- B = {X x Y \ X £ A, Y eB}. 

Proof. Let W C H n (A x 73, Q) be an irreducible Hodge structure. Then W 
is contained in a Kiinneth component H a (A, Q) £3 H b (B, Q) with a + b = n. 
Let Wo be an irreducible G(A x 7?)c-submodule of Wc- Write Wo = Uo®Vo, 
where U C i7 a (,4,C) is an irreducible G(^) c -module, and, V C H b (B,C) 
is an irreducible G(7>)c-module. 

Let V C H b (B,Q) be the smallest Hodge structure such that Vq C Vc; it 
is the sum of all the Galois conjugates of Vo- Then V is a primary G(B)- 
module, i.e., all irreducible submodules of V are equivalent. Let V\ be 
an irreducible submodule of V; then Vi c contains a G(7?)c-submodule V\ 
equivalent to Vq. Since B is dominated by B, there exist Y £ B, and 
V' C i7 d (y, Q) such that V' is G(73 x y)-equivalent to Vi, and, V' contains 
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a nonzero (d, 0)-form. Let V{ be an irreducible G(Y)c-submodule of V^ 
such that V{ contains a nonzero (d, 0)-form. We have V[ equivalent, as a 
G(B x y)c-module, to a Galois conjugate Vf of V\ for some a £ Aut(C). 
Then Wfi and Uq <g> V[ are equivalent as G(A x B x Y)c-modules. 

Since ^4 is C-dominated by A, there exist X G .A, and £7q C H c (X, C) 
such that C/q is G(A x X)c-equivalent to Uq, and, C/q contains a nonzero 
(c, 0)-form. Then W(f and Uq <g) V/ are equivalent as G(A x S x X x F)c- 
modules. 

Now U ® V? is an irreducible G(X x Y) c -submodule of H c+d {X x Y, C) 
which contains a nonzero (c + d, 0)-form. Let W be the smallest Hodge 
structure containing Uq (g> V{. Then, W is a primary G(X x y)-module, and 
any irreducible Hodge substructure of W is fully twisted. Since Wq C Wc 
and Uq (8) F/ C Wc are equivalent as G(A x B x X x Y)c-modules, W is 
equivalent to an irreducible Hodge substructure W of W . This completes 
the proof since W is fully twisted. □ 

Propositions [3] and U] replace Proposition 4.4.1 of pQ which contains an 
error (the first sentence of the proof is not correct in general). We now 
reformulate part of the main theorem of [lj. Abelian varieties of type III 
are excluded here; they have been dealt with in [3]. 

Theorem 5. Let A be an abelian variety of PEL-type. Suppose that the 
Hodge group of A is semisimple and A has no factors of type III. Then A is 
C-dominated by the set of powers of itself. The usual Hodge conjecture for 
A implies the general Hodge conjecture for all powers of A. 

Sketch of proof. A is isogenous to a product A™ 1 x A^ 2 x ■ ■ ■ x A™ 1 where 
the Ai are pairwise nonisogenous abelian varieties. By the multiplicativity 
of the Lefschetz group (Murty |12} Lemma 2.1, p. 298]), we have 

L(A) = L(Ai) x L(A 2 ) x • • • x L{A t ). 

Since 

G(A) C G(Ai) x G(A 2 ) x • • • x G(A e ) 

and G(A) equals the derived group of L(A), we conclude that each Ai is of 
PEL-type, and, 

G(A) = G(Ai) x G{A 2 ) x • • • x G(A e ). 

Lemma[2]and Proposition [3] now imply that it is enough to prove the theorem 
when A is a power of a simple abelian variety Aq. 

Let G = G(A) = G(Aq), let D be the endomorphism algebra of Aq, E 
the center of D, and F the maximal real subfield of E. Let S be the set 
of embeddings of F into R. From (J5I5J we see that G(R) = l\ a £S G °<> 
and, i? 1 (Ao,M) = ag5 y a , where each V a is a real Hodge substructure of 
i? 1 (^lo)R) on which G 7 acts trivially for 7 / a. 
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Now let W be any irreducible Gc-submodule of the cohomology of A. 
Then W is equivalent to a representation (£) aeS W a , where W a is an irre- 
ducible representation of G a> c- In Cases 1 and 2 of the proof of [U Theo- 
rem 5.1] we showed that there exist G Qj c-submodules 

n a 

K C /\ V™£ C H n « (A™° , C) 

for some n a , rn a , such that W a and W' a are equivalent, and, W' a contains 
a nonzero (n a , 0)-form. Let n = ^C Q n a , m = S a m a; aim , W' = ^o^a- 
Then, W' C A™ ^c™ = H n (A^, C) is equivalent to W and contains a nonzero 
(n, 0)-form. This shows that A is C-dominated by the set of powers of itself. 
To complete the proof we remark that the usual Hodge conjecture for A 
implies the usual Hodge conjecture for all powers of A. This follows from 
[21 Theorem 3.1, p. 671]. □ 

Remark 6. In [IHSj we have proved the general Hodge conjecture for various 
abelian varieties which are dominated, but not C-dominated, by certain 
classes of abelian varieties. Proposition [4] allows us to deduce the general 
Hodge conjecture for the product of one of these abelian varieties with an 
abelian variety satisfying the hypotheses of Theorem [5] 

4. Abelian Varieties of Type IV 

Let A be an abelian variety of type IV. If G{A) is semisimple, then we 
have seen (Theorem [5]) that A is C-dominated by powers of itself. At the 
other extreme, if G{A) is commutative, then, A is of CM-type, and we have 
shown in [6] that A is dominated by abelian varieties of CM-type. We shall 
now extend these results to some abelian varieties of type IV whose Hodge 
groups are neither semisimple nor commutative. We begin with a definition. 

Definition 7. We say that an abelian variety A is weakly self- dominated if, 
given any nontrivial irreducible representation p of G'(A)(C), there exists 
V p such that 

• V p is an L(A)(C)-submodule of H Cp (A dp , C) for some positive inte- 
gers c p , dp] 

• the action of G'(A)(C) on V p is equivalent to p; 

• for each a £ Aut(C), the conjugate {V p ) a contains a nonzero (c p ,0)- 
form. 

Remark 8. In Theorem [TO] below, we show that certain type IV abelian 
varieties of PEL- type are weakly self-dominated. In Theorem [11] we show 
that if A is weakly self-dominated, then A is dominated by abelian varieties 
of the form A n x B where B is of CM-type. In Theorem 1141 we apply these 
results to prove the general Hodge conjecture for some of these abelian 
varieties. 

Lemma 9. Any abelian variety of CM-type is weakly self- dominated. If A 
is weakly self- dominated, then, so is any power of A. If A and B are weakly 
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self- dominated abelian varieties such that G'(A x B) = G'(A) x G'{B), then 
Ax B is also weakly self- dominated. 

Proof. The first statement is trivial. The second statement is immediate 
from the definition. For the third statement, note that any irreducible rep- 
resentation of G'(A x B)(C) is of the form p®r, where p is an irreducible rep- 
resentation of G'(A)(C) and r is an irreducible representation of G'(B)(C). 
Let 

V p <& V T if both p and r are nontrivial; 
Vp®r = \ V p if p is nontrivial but r is trivial; 

V T if r is nontrivial but p is trivial. 

□ 

Theorem 10. Let A be an abelian variety of PEL-type such that each simple 
factor of A is of type IV. Then we can write G'(A)(R) = Y\ aeS SU(p a ,q a ). 
Assume that for each a £ S we have \p a — q a \ = 1. Then A is weakly 
self- dominated. 

Proof. Thanks to LemmaO we may assume that A is simple. Let L = L(A), 
G = G(A), G' = G'(A), and, V = fl^AQ)- Recall from dHJ that L(A) = 
Resp/Q J7(T), where U(T) is a unitary group over F, the maximal totally 
real subfield of the center E of D(A). Let S be the set of embeddings of F 
into R. Then f|2.2j) we have L(R) = n^es ^ Q ' anc ^' ^ = ©»es ^"' so ^ na ^ 
L a acts trivially on V a > unless a = a' . Each L Q is a unitary group U(p a , q a ), 
with p Q + g Q = m := dini^ V. If m = 1, then ^4 is of CM-type, G'{A) is 
trivial, and there is nothing to prove; we may therefore assume m > 3, so 
that all p a and q a are positive. 

We have L QjC = GL m (C). As explained in [1, p. 351], V a ,c = V Q ©F ttl 
where y a and its complex conjugate Y Q are L Qj c-modules, GL m (C) acts 
on Y Q as the standard representation, and on Y a as the contragredient. 
Y a is the direct sum of a p^-dimensional space of (l,0)-forms and a q a - 
dimensional space of (0, l)-forms. Y a is the direct sum of a (^-dimensional 
space of (l,0)-forms and a p a -dimensional space of (0, l)-forms. Choose a 
basis {ui, . . . ,u m } of Y a such that u%, . .., u Pa are (l,0)-forms and u Pa+ i, 
. . . , u m are (0, l)-forms. Then {Ui, . . . ,u m } is a basis of F a . Observe that 
the set Uog5 {^«;^o} * s invariant under the action of Aut(C). 

Let g be the element of GL m (C) which transposes u& and u m ^k+i f° r 
each k. 

Let fix, ..., Hm-i be the fundamental weights of SX m (C), i.e., pk is 
the highest weight of the representation /\ (St), where (St) denotes the 
standard representation of SL m (C) on C m . For 1 < k < y, V^fc := /\ Y a C 
H k (A,C) is an L^c-module; it is irreducible as a G^, c -module, and has 
highest weight p^. It contains the (k, 0)-form 

w fc := Ml A ••• Au fc , 
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as well as the (0, /c)-form 

w 'k := a( w k) = U m A • • • A Um-k+1- 

For § < k < m, V a , k := f\ m ' k Y a C H m ~ k (A,C) is an L aiC -module; it 
is irreducible as a G' a c -module, and has highest weight fi k . It contains the 
(m — k, 0)-form 

w k := u m A ■ ■ ■ Auk+i, 
as well as the (0, m — /c)-form 

w' k := g{w k ) = ui A • • • A u m -k- 
Let 

y _ I fc, if fc < -J) 

~|m-ife, iffc>f. 

Thus for each fc = 1, . . . , m — 1, we have an S'L rre (C)-irreducible module V a ^ 

in f\ V at c, such that V^& contains a nonzero (fe',0) form w k and a nonzero 
(0, /c')-form w;^,, and, the highest weight of SL m (C) on V^^ is fi k . Note that 
in each case w k is a vector of highest weight, while w' k is a vector of lowest 
weight. Observe that the set {V ak \ a £ S, 1 < k < m} is invariant under 
the action of Aut(C). 

Let j, k be positive integers with 1 < k < m. Then S J V a>k , the symmetric 
tensors on V a;k , give a represention of SL m (C) with highest weight j/j, k , and 
highest weight vector (w k y . Let V^ k be the SX m (C)-module generated by 
(w k ) J . The highest weight vector in V^ k is (w k ) J which is a (jk', 0)-form. 
The lowest weight vector in V^ k is g((w k y) = (w k ) J which is a (0, jfe')-form. 
Thus V^ k is an irreducible representation with highest weight j'/Ufc which 
contains both the (jfc / ,0)-form (w k y and the (0, j7e')-form (w' k ) J . Observe 
that the set 

Vl k | a € S, 1 < fc < m, j > } 

is invariant under the action of Aut(C). 

Any irreducible representation ir of SL m (C) has highest weight 

/U = ai/ii + • • • + a m _i)U m _i 

where the a^ are nonnegative integers. Let 

m— 1 m— 1 

a = ^2 k'a k , b=y^a k . 

k=l k=l 

Then the representation t^))™^ S" 1 * V^fc C /\ a V^ c has highest weight /it. The 
vector v^ := f^)]^ {w k ) ak generates an irreducible submodule V® which has 
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highest weight p. Note that V" contains both the nonzero (a, 0)-form v^ 
and the nonzero (0,a)-fbrm g(v p ). Observe that the set 

m— 1 

V£ I a € S, p = ^2 a *Mi> a i - ° 

is invariant under the action of Aut(C). 

Any irreducible representation p of G'(C) is of the form p = aeS 7r a , 
where 7r a is an irreducible representation of G' aC = SL m (C). Let V p = 
(^) QeS K a . Then V p is an irreducible submodule of some H c (A d ,C) on 
which G' c acts as p, and which contains both nonzero (c, 0)-forms and 
nonzero (0, c)-forms. Observe that the set 

{V p | p a nontrivial irreducible representation of G'(C)} 

is invariant under the action of Aut(C), so every Galois conjugate of V p 
contains a nonzero (c, 0)-form. □ 

Theorem 11. Let A be a weakly self- dominated abelian variety of PEL-type, 
such that each simple factor of A is of type IV. Then, A is dominated by 
the set of abelian varieties of the form A n x B, where n is a positive integer, 
and B is a product of CM abelian varieties with CM by subfields of D{A). 

Proof. We may assume that A = A™ 1 x AVf x • • • x A™ e where the Ai are 
pairwise nonisogenous abelian varieties. Let Di = D(Ai), E{ the center of 
Di, Fi the maximal totally real subfield of Ei, Si the set of embeddings of 
Fi into R, Vi = H l (Ai,Q), and, mi = dim^ V%. For each i we have V^r = 
©oes ^"> ano -' Va,c = Y a © Y a as in the proof of the previous theorem. 
Let S be the disjoint union of the sets Si. We then have L(A)%> = Hoes' ^"' 
where L a = U(p a ,q a ). 

Let Wi = f\zi F^Ai.Q) be the Weil Hodge structure in H mi (Ai,Q) (see 
[10]). Let 

£ 

(4.1) W = Q)Wi. 

»=1 

Then W c = © Q£5 W a , where W a = [\ m * Y a © A™' Y a for a G 5*. A™ 1 ^ 
is of Hodge type {p a ,q a ) and A™' ^"« is of Hodge type {q a ,p a ). We note 
that G'(A) acts trivially on W, so the Hodge group of W is abelian and, 
therefore, W is a Hodge structure of CM-type. 

Let P a : I/(C) = n^es -^.c ~" ^ -^a,c be the projection. For g G L(C), let 
deta(^) =detP a (5f). 

Let V be an irreducible Hodge substructure of H (A , Q) for some b, d. 
If G'(A) acts trivially on 1/, then V is of CM-type, so by [6l Theorem 3, 
p. 159] there exists an abelian variety B of CM-type and a fully twisted 
Hodge structure V' in the cohomology of B such that V' is isomorphic to a 
Tate twist of V. Suppose next that G'(A) acts nontrivially on V. Let U be 
an irreducible G(^4)c-submodule of Vc and denote by p the action of G'(A)c 
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on U. Since A is weakly self-dominated there exists an irreducible L(A)c- 
submodule V p of H Cp (A p , C) satisfying the conditions of Definitional Then, 
as a G(^4)c-module, U is equivalent to V p ® x, where x is a character of the 
form x = ® a &s det™ a . The character \ occurs in the tensor algebra of W. 
Let Z be an irreducible Hodge structure in the tensor algebra of W such 
that Zc contains an irreducible submodule W x on which L(A)c acts as the 
character \- 

By the main theorem of [6] (Theorem 3, p. 159), there exist an abelian 
variety B of CM- type and an irreducible Hodge structure Z' C H C (B,Q) 
such that Z' is isomorphic to a Tate twist Z(w) of Z, and, Z' is fully twisted. 
Let ip: Z — > Z' be an equivalence of Hodge structures. Let Z' x = tp(W x ). 
Then there exists a G Aut(C) such that {Z') a contains a nonzero (c, 0)- 
form. Let U' = V P ® Z' X C H c p +c (A X B,C). Then U" 7 contains a nonzero 
(c p + c, 0)-form. Let U' be the smallest Hodge structure such that U' C U' c . 
Then U' is a primary G(A x S)-module. Any irreducible submodule V of 
U' is fully twisted and isomorphic to a Tate twist of V. □ 

Remark 12. In the above situation, let i3 be a set of abelian varieties such 
that given any irreducible Hodge structure Z in the tensor algebra of W 
(|4.ip . there exists a fully twisted Hodge structure Z' in the cohomology of 
some B £ B, such that Z' is isomorphic to a Tate twist of Z. Then, the 
proof of Theorem QT] shows that A is dominated by abelian varieties of the 
form A n x B, where n is a positive integer, and, B € B. 

Combining the previous results we get the following theorem. 

Theorem 13. Let A be an abelian variety of PEL-type. Assume that each 
simple factor of A is of type IV. Suppose G'(A)(M) = Y\ aG s SU(p a ,q a ), 
where \p a — q a \ = 1 for all a. Then any power of A is dominated by the set 
of abelian varieties of the form A n x B, where n is a positive integer, and 
B is an abelian variety of CM-type. 

5. The General Hodge Conjecture 

We now apply the results of the previous section to deduce the general 
Hodge conjecture for products of some of the abelian varieties for which we 
proved the general Hodge conjecture in [S]. 

Theorem 14. Let A be the class of abelian varieties of PEL-type which are 
isogenous to products of abelian varieties of the following types: 

(1) a simple 3- dimensional abelian variety with endomorphism algebra 
Q(\/— T), with a polarization given by a hermitian form of signature 

(2,1); ' 

(2) a simple 5- dimensional abelian variety with endomorphism algebra 
Q(y— T), with a polarization given by a hermitian form of signature 
(3,2); 

(3) an elliptic curve with CM by Q(\/— 1); 
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(4) a simple 3- dimensional abelian variety with endomorphism algebra 
Q(v— 3), with a polarization given by a her mitian form of signature 

(2,1); ' 

(5) a simple 5- dimensional abelian variety with endomorphism algebra 
Q(\/— 3), to£/i a polarization given by a her mitian form of signature 
(3,2); 

(6) an elliptic curve with CM by Q(\/— 3); 

Then, any A £ A is dominated by A, and the general Hodge conjecture holds 
for all members of A. 

Proof. Let A G A. Up to isogeny, A = A± x ^3, where each simple factor 
of A\ has endomorphism algebra Q(v— 1), and each simple factor of ^3 has 
endomorphism algebra Q(y— 3). We may assume that 

A 1 = B^ 1 x ••• xB™° x£f, 

where the Bi are pairwise nonisogenous simple abelian varieties of dimension 
3 or 5, and, E\ is the elliptic curve with CM by Q(-y/— 1). Also, 

,4 3 = C™ 1 x • • • x C[ H x E%, 

where the Cj are pairwise nonisogenous simple abelian varieties of dimension 
3 or 5, and, E3 is the elliptic curve with CM by Q(v— 3). 

We have shown in p. 208] that G(Bi x E x ) = G'(B t ) x G{E X ) and 
G(Cj x E3) = G'(Cj) x G(E^). It follows that if m and n are positive, then, 

G(A) = G'(A) x G(£i) x G(£ 3 ) = G(Ai) x G(A 3 ). 

By Theorem 1131 ^4 is dominated by abelian varieties of the form A n x B, 
where B is an abelian variety of CM type. Since Q(t/— 1) and Q(\/— 3) 
are linearly disjoint, Remark 1121 and [6j Proposition 5, p. 160] show that B 
may be taken to be of the form E\ x Eg. Thus ^4 is dominated by A, and, 
the usual Hodge conjecture for all members of A implies the general Hodge 
conjecture for the same class. 

Since A = Ai x A 3 , with G{A) = G(A 1 ) x G(A 3 ), the usual Hodge 
conjecture for each of A\ and A3 implies the usual Hodge conjecture for A. 
Let X be one of A\ or ^3. Let K be the endomorphism algebra of a simple 
factor of X, and let E be the elliptic curve with CM by K. Write 

X = X* 1 x ••• x X k / x E e , 

where the Xi are pairwise nonisogenous simple abelian varieties of dimension 
3 or 5, and assume without loss of generality that £ > 0. Then G(X) = 
G'(X) x G{E) . We shall prove the usual Hodge conjecture for X by induction 
on r, the case r = 1 being Corollary 3.3 of [5j. For r > 1, let 






X = XI 1 x • • • x X*Li x E l 



so that X = X x X^ r , and assume the usual Hodge conjecture holds for X. 
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The Hodge ring of X is given by 

H*(X,QfW = (H a (X,Q) © H b (X^,C V "' A! 

a,b 



($hom G(x) (H%X,Q),H\X^, 



c,b 

Thus the Hodge ring of X is generated by equivalences between Hodge 
substructures of the cohomology rings of X and X^ r . 

Let W be the Weil Hodge structure in the cohomology of X r . Then 
G(E)c acts on Wq as detffidet -1 . Let d be a positive integer. Denote by 
Wd the Hodge structure in the cohomology of X~ on which G(E)q acts as 
det © det~ . Similarly, denote by W d the Hodge structure in the cohomol- 
ogy of E d , such that G{E) C acts as det d © det" d on W' dC 

Let U and U' be isomorphic irreducible G(X)-submodules of H b (X^ r ,Q) 
and H C (X,Q) respectively. Then G'{X) acts trivially on U and U' . Thus 
every irreducible G(X)c-submodule of Uq is equivalent to det a for some a. 
Hence U is equivalent to the Hodge structure W<j for some d > 0. Since 
dimX r is a prime, the usual Hodge conjecture holds for all powers of X r by 
[141 Theorem 2] , and the equivalence of U with Wd is induced by an algebraic 
cycle. Similarly, U' is equivalent to W d . By our induction hypothesis, the 
usual Hodge conjecture holds for X, so the equivalence of U' with W d is 
induced by an algebraic cycle. Since the usual Hodge conjecture is known 
for all powers of X r x E (see [5]), the equivalence of Wd and W d is also given 
by an algebraic cycle. Thus the equivalence between U and U' is induced 
by an algebraic cycle. It follows that hom G(x) (H C (X, Q), H b (X™ r ,Q)) is 
generated by algebraic cycles, proving the usual Hodge conjecture for X. □ 

References 

[1] Salman Abdulali, Abelian varieties and the general Hodge conjecture, Compositio 
Math. 109 (1997), 341-355. MR98m:14008 

[2] , Abelian varieties of type III and the Hodge conjecture, Internat. J. Math. 10 

(1999), 667-675. MR2000g:14013 

[3] , Filtrations on the cohomology of abelian varieties, The Arithmetic and Ge- 
ometry of Algebraic Cycles (Banff, AB, 1998) (B. B. Gordon, J. D. Lewis, S. Miiller- 
Stach, S. Saito, and N. Yui, eds.), CRM Proc. Lecture Notes, vol. 24, Amer. Math. 
Soc, Providence, RI, 2000, pp. 3-12. MR2001d:14011 

[4] , Hodge structures on abelian varieties of type III, Ann. of Math. (2) 155 

(2002), 915-928. MR2003g:14008 

[5] , Hodge structures on abelian varieties of type IV, Math. Z. 246 (2004), 203- 

212. MR2004k: 14013 

[6] , Hodge structures of CM-type, J. Ramanujan Math. Soc. 20 (2005), 155-162. 

MR2006g: 14016 

[7] Pierre Deligne (notes by J. S. Milne), Hodge cycles on abelian varieties, Hodge Cycles, 
Motives, and Shimura Varieties, Lecture Notes in Math., vol. 900, Springer- Verlag, 
Berlin, 1982, 2nd corrected printing, 1989, pp. 9-100. MR84m: 14046 



[g; 

[10 

[ii 

[12 

[is; 

[14 

[is; 
[ie; 

[it; 
[is; 



TATE TWISTS OF HODGE STRUCTURES 13 

Mark Green, Phillip Griffiths, and Matt Kerr, Mumford-Tate domains, Boll. Unione 
Mat. Ital. (9) 3 (2010), 281-307. MR2666359 

Alexander Grothendieck, Hodge 's general conjecture is false for trivial reasons, Topol- 
ogy 8 (1969), 299-303. MR40#5624 

B. J. J. Moonen and Yuri G. Zarhin, Weil classes on abelian varieties, J. Reine Angew. 
Math. 496 (1998), 83-92. MR99a:14010 

David Mumford, Families of abelian varieties, Algebraic Groups and Discontinu- 
ous Subgroups (Boulder, Colo., 1965) (A. Borel and G. D. Mostow, eds.), Proc. 
Sympos. Pure Math., vol. 9, Amer. Math. Soc, Providence, RI, 1966, pp. 347-351. 
MR34#5828 

V. Kumar Murty, Exceptional Hodge classes on certain abelian varieties, Math. Ann. 
268 (1984), 197-206. MR85m:14063 

, Hodge and Weil classes on abelian varieties, The Arithmetic and Geometry 

of Algebraic Cycles (Banff, AB, 1998) (B. B. Gordon, J. D. Lewis, S. Muller-Stach, S. 

Saito, and N. Yui, eds.), NATO Sci. Ser. C Math. Phys. Sci., vol. 548, Kluwer Acad. 

Publ., Dordrecht, 2000, pp. 83-115. MR2001d:14013 

Kenneth A. Ribet, Hodge classes on certain types of abelian varieties, Amer. J. Math. 

105 (1983), 523-538. MR85a:14030 

Ichiro Satake, Holomorphic imbeddings of symmetric domains into a Siegel space, 

Amer. J. Math. 87 (1965), 425-461. MR33#4326 

, Symplectic representations of algebraic groups satisfying a certain analyticity 

condition, Acta Math. 117 (1967), 215-279. MR35#6694 

Goro Shimura, On analytic families of polarized abelian varieties and automorphic 

functions, Ann. of Math. (2) 78 (1963), 149-192. MR27#5934 

, On the field of definition for a field of automorphic functions, Ann. of Math. 

(2) 80 (1964), 160-189. MR29#4739 



Department of Mathematics, East Carolina University, Greenville, NC 
27858, USA 

E-mail address: abdulalis@ecu.edu 



